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INTRODUCTION




|
Zagreb indices are important topological indices in mathematical
chemistry. The Zagreb indices have been introduced by Gutman
and Trinajstic.
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INTRODUCTION

|
Zagreb indices are important topological indices in mathematical
chemistry. The Zagreb indices have been introduced by Gutman
and Trinajstic.

|
For a graph G = (V(G), E(G)), the first and the second Zagreb
indices were defined as M;(G) = >  d(u)+ d(v) and
uveE(G)
My(G) = > d(u)d(v) respectively, where d(u) denotes the
uveE(G)
degree of the vertex v in G.
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In addition to the original Zagreb indices, several modified versions
and new version of Zagreb indices thereof were also introduced and
studied.
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|

In addition to the original Zagreb indices, several modified versions
and new version of Zagreb indices thereof were also introduced and
studied.

|
Nikolic et al. introduced modified Zagreb indices. The first and
the second modified Zagreb index were defined as

" N 1
M(c) = ve%(d( 2 MO = 2 dwd()

where d(v) is the degree of the vertex v in G.
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|
Todeschini et al. have suggested to consider multiplicative variants
of additive graph invariants, which applied to the Zagreb indices
would lead to the multiplicative Zagreb indices of a graph G,
denoted by ;(G) and My(G), under the name first and second
multiplicative Zagreb index, respectively.
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|
Todeschini et al. have suggested to consider multiplicative variants
of additive graph invariants, which applied to the Zagreb indices
would lead to the multiplicative Zagreb indices of a graph G,
denoted by ;(G) and My(G), under the name first and second
multiplicative Zagreb index, respectively.

|

Ni(G)= TJ] d(v)?and My(G)= T[] d(u)d(v), where d(u)
veV(G) uveE(G)

denotes the degree of the vertex v in G.
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PRELIMINARIES

GRAPH OPERATORS

» Cvetkocic defined the subdivision graph S(G) as the graph
obtained from G by replacing each of its edge by a path of
length 2, or equivalently by inserting an additional vertex into
each edge of G.

» The operator R(G) is the graph obtained from G by adding a
new vertex corresponding to each edge G and by joining each
new vertex to the end vertices of the edge corresponding to it.
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TURNIP GRAPHS

A turnip Tu, g is a graph obtained from a cycle on g vertices by
attaching n — g pendant edges to one of its vertices.

e !
n-g

Figure: Turnip graph, Tuioe and its subdivision S(Tug )
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KITE GRAPHS

A kite Kip \ is a graph obtained from a clique on w vertices by
attaching a path on n — w vertices to one of its vertices.

Figure: Kite graph, Kig 4
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BAG GRAPHS

A bag Bagp q is a graph obtained from a complete graph K, by
replacing an edge uv by a path P,.

Ps

[ \

Figure: Bag graph, Bsg
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Modified and multiplicative Zagreb indices of S(G) for some
standard graphs

Lemma

The first modified and multiplicative Zagreb indices for the turnip
g—1 1

h iven by "M (Tt = -
graph are given by " My(Tupg) 2 + (n—g+27 tn—-g
and
I_Il(TUn,g) = 4(g - 1)(” — &+ 2)2(n - g)

Proof.

The Turnip graph Tu, g contains g — 1 vertices of degree 2, one
vertex of degree n — g + 2 and n — g pendant vertices. Hence, we
g—1
t "My (T =
ge 1(Tung) 7 +(n—g+2
N1(Tung) = 4(g — 1)(n— g +2)*(n - g). u
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Lemma
The second modified and multiplicative Zagreb indices for the
turnip graph are given by "M(Tun ) = "E & 20
urnip graph are given Upg) = —————— an

p grap 8 y 2 n,g 4([7 et 2)

Mo(Tupg) = 16(g —2)(n— g +2)(n — g).

Proof.

The Turnip has g — 2 pairs of vertices of degree 2, two pairs of
vertices of degree 2 and n — g + 2 and n — g pairs of vertices of
ng — g% +2n
4(n—g+2)
and My (Tupg) = 16(g — 2)(n — g + 2)(n — g). |

degree 1 and n — g + 2. Therefore, "Mo(Tun ) =
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Theorem
The first modified and multiplicative Zagreb indices of subdivision

for the turnip graph are given by
MM1(S(Tung)) =™ Mi(Tung) + n(n — g +2)? and

. n+g—1 n—g+1 2
nl(S(TUn,g))—nl(T“n,g)< g1 )(n—g+2>'
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Theorem
The second modified and multiplicative Zagreb indices of
subdivision for the turnip graph are given by
2n? + g% +2n—3ng
MM, (S( Tt =M My( Tt d
2( ( u”yg)) 2( u”vg)—i_ 4(n_g+2) a
1)(n—g+2)

Mo(S(Ting)) = 2M15( Tutn ) & —a
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Lemma

The first modified and multiplicative Zagreb indices for the kite graph are
— 1 10
given by ™My (Kip) = % + - and My(kin,) = 36(n — w+1),
m . n—-w+3 wlt+w-1
for w = 3. "My (kipw) = 2 + wi(w —1) and
Ny(kinw) =4(n—w—1)w?(w — 1), forw >4

Proof.

The kite graph reduces to path when w = 2. If w = 3, ki, ,, has

n — w + 1 vertices of degree 2, a vertex of degree 3 and a pendant
— 1 10

vertex. Hence "M (kip w) = % + g and
M1 (kinw) =36(n —w +1). If w> 4, ki,,, has n— w — 1 vertices of
degree 2, w — 1 vertices of degree w — 1, a vertex of degree w and a

— 3 2 -1
pendant vertex. Therefore, ™M;(kipw) = n :V+ + V:V2?—WW_ ) and
Ni(kinw) = 4(n —w — 1)w?(w — 1)3. n
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Lemma

The second modified and multiplicative Zagreb indices for the kite graph
NZWE3 o Ma(kinw) = 2432(n — w — 1),

_ 4w — 5
for w = 3. "My (kipw) = 2 4 S 2W(WW —-1) and

Mo (kinw) = 22w?(n — w —2)(w — 1)5(w — 2), for w > 4.

are given by " Mo (kin w) =

Proof.

If w=3, ki, has n —w — 1 pairs of vertices of degree 2, a pair of
vertices of degree 1 and 2, 3 pairs of vertices of degree 2 and 3. Hence

M Moy (Kin ) = %WH’ and My(Kkin.,) = 2°32(n — w — 1). If w > 4,
—2)(w-—-1
Kinw has n — w — 2 vertices of degree 2, w pairs of

vertices of degree w — 1, w — 1 pairs of vertices of degree w and w — 1,

one pair of vertices of degree 1 and 2 and one pair of vertices of degree
n—w 4w — 5
d2. H MMy (kip.w) = d
w an ence " Ma(kin,w) 7 + Sw(w — 1) an

PR ZNE s

—_— AT AN -2 Va
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Theorem
The first modified and multiplicative Zagreb indices of subdivision
for the kite graph are given by

242n— 1
li(S(ki,LW)):’" Ml(kin,w)+w + n83w+ 0

w? + 3w + 4n + 2
(w—1)(n—w-1)

and

M1(S(kinw)) = MNa(kinw)

Theorem

The second modified and multiplicative Zagreb indices of

subdivision for the kite graph are given by
_ 4
™Mo (S (Kinw)) = % )

M2(S (Kinw)) = ”z(kfn,w)s(%f,zx - vvvvz_—ll))'
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Lemma

The first modified and multiplicative Zagreb indices for the bag
-2

graph are given by ™M (Bagp.q) = 4 2 T T _Pl)2 and

M1(Bagp,q) = 4p(p — 1)%(q — 2).

Proof.

The bag graph Bagp 4 has g — 2 vertices of degree 2 and p vertices

-2
of degree p — 1. Hence "M;(Bagp,q) = 9 2 4F T _'01)2 and
N1(Bagp,q) = 4p(p — 1)?(q — 2). [
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Lemma

The second modified and multiplicative Zagreb indices for the bag
graph are given by
2 2
p(q—1)+2p(4—q)+q(p*+1)—11
"M, (B =
2( agp,q) 4(p _ 1)2
M>(Bagp,q) = 4(p — 1)3(P2 —p—2)(q— 3)2

and

Proof.

p(p—1) : -
The bag graph Bag, ; has ————= — 1 pairs of vertices of degree
p — 1 and two pairs of vertices of degree 2 and p — 1. Hence we
nave PP(q—1)+2p(4—q)+q(p* +1) - 11
mMg(Bagp’q) = 4(p — 1)2
M2(Bagp,q) = 4(p — 1)°(P* — p —2)(q — 3)? "
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Theorem
The first modified and multiplicative Zagreb indices of subdivision
for the bag graph are given by

™My (S(Bagpq)) =™ Mi(Bagp.q) + p(p—1)+2(q—2)

My(S(Bagn)) = Ma(Bgna) 22— E 7 =2)

and

Theorem
The second modified and multiplicative Zagreb indices of

subdivision for the bag graph are given by

"(S(Bgy ) = 2P 1); pz(_ql—) Ap-1)

Ma(S(Bagq)) = 22
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Modified and multiplicative Zagreb indices of R(G) in terms
of S(G) for some standard graphs

Here, we obtain modified and multiplicative Zagreb indices of
R(G) in terms of S(G) for turnip graph, kite graph and bag graph.
Theorem

The first modified and multiplicative Zagreb indices of R(G) for
the turnip graph are given by

"My (R(Tung)) =
4+42n-g)(n—g+2°+(-1(n-g+2)°*
16(n — g + 2)?
2n —
M1(R(Tung)) = 64n1(Tun,g)nf:.
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Theorem

The second modified and multiplicative Zagreb indices of R(G) for

the turnip graph are given by

m n(9n — 7g + 10) + 3g(g — 2)
Ma(R(Tung)) = e and

Ma(R(Tung)) = 8192M,(Tunz)(g — 1)(n— g + 1).

Theorem

The first modified and multiplicative Zagreb indices of R(G) for

the kite graph are given by ™ My (R(kin,w)) =

w? — 3w +2n 42 1 n—w-—1 w—1

T w2 - 2

4 4w 16 4(w—1)

, (w? —3w +2n+2)(n—w—1)

MNi(R(Kinw)) = .

1(R(Kinw)) 21 w2(w — 1)

and
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Theorem

The second modified and multiplicative Zagreb indices of R(G) for
the kite graph are given by

. 2nw(w — 1) +3(w — 1) 4+ 2w
"M (R(Kinw)) =
Na(R(kinw)) = 2°w?3(n — w — 1)(w — 1)2.

and

Theorem

The first modified and multiplicative Zagreb indices of R(G) for

the bag graph are given by

li(R(Bagp q) =

2(p—1*(p* —p+ 2q 4) +(g—2)(p—1)*> +4p
16(p — 12)

M1 (R(Bagp,q)) = 2"p?*(p— 1)

and
(g —2)+ (29— 4)(g —2)(p — 1)?].
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Theorem
The second modified and multiplicative Zagreb indices of R(G) for

the bag graph are given by

" Mz(R(Bagp,q)) =

2g=2)(p=1)°+p(p—1)—2+2p(p - 1)’ +3(p—1) _ .
8(p—12)

M2(R(Bagp,q)) = N2(S(Bagp,q))2" (p — 1)°(p* — p — 2).
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